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$z(1-z) \frac{d^{2}w}{dz^{2}}+(\gamma-(\alpha+\beta+1)z)\frac{dw}{dz}-\alpha\beta w=0$ (1)
$\lambda_{1}=\beta$ , $\lambda_{2}=\alpha+1-\gamma$, $\lambda_{3}=-\alpha$ , $v_{1}=w,$ $v_{2}= \frac{1}{\beta}z\frac{dw}{dz}$ ,
$d(\begin{array}{l}v_{1}v_{2}\end{array})=(\lambda_{1}\theta_{1}+\lambda_{2}\theta_{2}+\lambda_{3}\theta_{3})(\begin{array}{l}v_{1}v_{2}\end{array})$ (2)
$\theta_{1}=(\begin{array}{ll}0 10 0\end{array}) \frac{dz}{z}+(\begin{array}{ll}0 00 1\end{array}) \frac{dz}{1-z}$ $\theta_{2}=(\begin{array}{ll}0 00 1\end{array}) \frac{dz}{z}+(\begin{array}{ll}0 00 1\end{array}) \frac{dz}{1-z}$




$X,$ $Y$ semisimple . $X,Y$ nilpotent
$Li_{k_{1\cdots\prime}k_{\hslash}}(z)^{d}=^{of}\sum_{m_{1}>m_{2}>\cdots>m_{n}>0}\frac{z^{m_{1}}}{m_{1}^{k_{1}}\cdots m_{n^{n}}^{k}}$ (4)
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, $z=1$
. ,
$k=k_{1}+\cdots+k_{n}$ weight, $n$ depth, $k_{1},$ $\ldots,$ $k_{n}$ 2 height . ,
$=Q\langle x, y\rangle$ 1 $=Q+\ovalbox{\tt\small REJECT} y(y$ word
) ,
$L1(x^{k_{1}-1}yx^{k_{2}-1}y\cdots x^{k_{n}-1}y;z)=Li_{k_{1},\ldots,k_{B}}(z)$
. , $w\in\emptyset$ :word $|w|=w$ , $d(w)=w$
$y$ , $h(w)=w$ $yx$ .
, $X,$ $Y$ , $G_{0}z^{-X}arrow 1$
$G_{0}$ shuffle reg([IKZ] )
$G_{0}=(1-z)^{-Y} \sum_{W\in \mathfrak{H}:word}(Li(reg(w);z)W)z^{X}$
($w$ $W$ ) , $zarrow 1$ $G_{1}(1-z)^{Y}arrow 1$ $G_{1}$ $\phi\kappa z(X,Y)=$
$G_{1}^{-1}G_{0}$ Drinfel’d Associator $C\langle\langle X, Y\rangle$)
. ([Ok],[OU]).




$\gamma,$ $\gamma-\alpha-\beta\not\in Z$ , (1) $\varphi_{0}^{(0)}(z),$ $\varphi_{1}^{(0)}(z)$





, $\Phi_{i}=(\begin{array}{ll}\varphi_{0}^{(i)} \varphi^{(\dot{i})}\not\supset 1z\frac{d}{dz}\varphi_{0}^{(\dot{\iota})} \sigma^{z\frac{d}{dz}\varphi_{1}^{(|)}}1\end{array})$ $(i=0,1)$
$\frac{\frac{\Gamma(2-\gamma)\Gamma(\gamma-\alpha-\beta)}{\Gamma(2-\gamma)\Gamma(\alpha+\beta-\gamma)\Gamma(1-\alpha)\Gamma(1-\beta)}}{\Gamma(\alpha-\gamma+1)\Gamma(\beta-\gamma+1)})$ (7)
.
, $\Phi_{1}^{-1}=(\begin{array}{ll}\psi_{11} \psi_{12}\psi_{21} \psi_{22}\end{array})$ , $\psi_{11},$ $\psi_{12}$





$\sum_{k,n,\iota}G_{0}(k, n, s;t)x^{k-n-\iota}y^{n-\epsilon}z^{s-1}=\frac{1}{xy-z}(1-F(\alpha-x, \beta-x, 1-x;t))$ (8)
$\sum_{k,n,\iota}G_{0}(k,n, s;1)x^{k-n-\iota}y^{n-\iota}z^{\iota-1}=\frac{1}{xy-z}(1-\exp(\sum_{n=2}^{\infty}\frac{\zeta(n)}{n}(x^{n}+y^{n}-a^{n}-\beta^{n})))$ (9)
$G_{0}(k, n, s;z)=weightk$, depth $n$ , height $s$ $k_{1}\geq 2$
( $\alpha,$ $\beta$ $\alpha+\beta=x+y,$ $\alpha\beta=z$ )











Gauss $F(\alpha, \beta, \gamma;z)$ .
1. $\lambda_{1}=\beta$, $\lambda_{2}=\alpha+1-\gamma$, $\lambda_{3}=-\alpha$ .
$|\lambda_{1}|,$ $|\lambda_{2}|,$ $| \lambda_{3}|<\frac{1}{4}$ ,
$F(\alpha,\beta,\gamma;z)=1-$
$\sum_{l,m,n,l,n\geq 1}\sum_{p,q\approx 0}^{m}a_{p,q}^{(l,m,n)}G_{0}(l+m+n,l+p, q+1;z)\lambda_{1}^{l}\lambda_{2}^{m}\lambda_{3}^{n}$
(10)
$\frac{1}{\beta}z\frac{d}{dz}F(\alpha,\beta, \gamma;z)=-$
$\sum_{l,m,\mathfrak{n},l,n\geq 1}\sum_{p,q=0}^{m}a_{p,q}^{(l,m,n)}G(l+m+n-1, l+p, q+1;z)\lambda_{1}^{l-1}\lambda_{2}^{m}\lambda_{3}^{n}$ (11)
.
$G_{0}(k,n, s;z)= \sum_{k_{1},\ldots,k_{\hslash}\in N}Li_{k_{1},\ldots,k_{n}}(z)=$ $\sum_{w\in\emptyset:word}$
$Li(xwy;z)$ (12)










$a_{p,q}^{(l,m,\mathfrak{n})}= \sum_{k=0}^{l-1}(\begin{array}{l}qk\end{array})(\begin{array}{ll}l+ p-q-ll- k-l\end{array}) (\begin{array}{l}m+n-p-k-ln-l\end{array})$
. , $(_{q}^{p})$ $P<0,$ $q<0$ or $P<q$ $0$ .
$z\in P^{1}-\{0,1, \infty\}$ , $\forall z\in$ .
$[AoK]$ Pfaff (2) $(\begin{array}{l}10\end{array})t^{a\dot{\mathfrak{g}}}$
. $\mu=\{1,2,3\}$ ($\mu=\emptyset$ ) , $ffi$ $L_{\mu}(z),$ $L_{\mu}’(z)$ $i=1,2,3$
$\frac{d}{dz}(_{L_{i,\mu}(z}^{L_{i,\mu}(z}\})=\theta_{i}(\begin{array}{l}L_{\mu}(z)L_{\mu}’(z)\end{array})$ , $(_{L_{i,\mu}}^{L_{1\mu}},\{oo)))=(\begin{array}{l}00\end{array})$ , $(_{L_{0}’}^{L_{\emptyset}}\{zz)))=(\begin{array}{l}l0\end{array})$ (14)
,





















$=(\begin{array}{l}10\end{array})-(\begin{array}{lllllll}\sum_{r\approx 2\mu_{2}}^{\infty} \cdots \sum_{\mu_{r-1}=1,2,3}\lambda_{1}\lambda_{\mu 2} \cdots \lambda_{\mu_{r-1}}\lambda_{3}Li(xT_{0}(k_{2} \cdots k_{r-1})y\cdot.z)\sum_{r=1\mu_{1}}^{\infty} \cdots \sum_{\mu_{r-1}=1,2,3}\lambda_{\mu_{1}} \cdots \lambda_{\mu_{r-1}}\lambda_{3}Li(T_{0}(k_{1} \cdots k_{r-1})y\cdot.z)\end{array})$
$=: \sum_{l,m,\mathfrak{n}-0}^{\infty}(\begin{array}{l}Q(l,m,n\cdot.z)Q(l,m,n\cdot.z)\end{array})\lambda_{1}^{l}\lambda_{2}^{m}\lambda_{3}^{n}$ . (18)




$J(l, m, n):=$ { $\mu$ ; $\{1,2,3\}$ $|1$ $l$ , 2 $m$ , 3 $n$ } .
,




$\sum_{\mu\in J(l,0,\mathfrak{n})}T_{0}(\mu)y\cdots y\bigwedge_{=X\cdots X}\wedge$ (20)
(ii)
$\sum_{\mu\in J(l,m,n)}T_{0}(\mu)=\sum_{p,q=0}^{m}\sum_{k\approx 0}^{l}(\begin{array}{l}qk\end{array})(\begin{array}{ll}l+ p-ql- k\end{array}) (\begin{array}{l}m+n-p-kn\end{array})(_{|w|=l+m+n,d(w)=l+p}w\in\theta\sum_{h(w)=q}:wordw)$ (21)
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$\sum_{\mu\in J(l,0,n)}T_{0}(\mu)=\sum_{1=0}^{n}\sum_{\mu\in J(l-1,0,n-i)}T_{0}arrow_{1\text{ }}^{3,,3,1)T_{0}(\mu)}$
$=yx^{n}y^{l-1}+ \sum_{i\approx 1}^{\mathfrak{n}}x^{1-1}(xy-yx)x^{n-i}y^{l-1}$
$=x^{\mathfrak{n}}yy^{l-1}=x^{n}y^{l}$
(ii) $T_{0}’$ . $T_{0}’(1)=y,$ $T_{0}’(2)=x+y,$ $T_{0}’(3)=x,$ $T_{0}’(\mu_{1},\mu_{2})=T_{0}’(\mu_{1})T_{0}’(\mu_{2})$ . .
$J’(l, m, n)=$ {$\mu\in J(l,$ $m$ , n)|\mbox{\boldmath $\mu$} (1, 3) } , (i)
$n8$ $l8$ $n\mathcal{B}$ lff





, $\mu\in\{1,2,3\}$ , $T_{0}’(\mu)$ $Z$ ,
1 . , $w$ {$\mu\in J’(l,m,$ $n)|T_{0}’(\mu)$ $w$ }
$\sum_{\mu\in J’(l,m,n)}T_{0}’(\mu)$ $w$ .
$w;|w|=l+m+n,$ $d(w)=l+p,$ $h(w)=q$ , 1 $y$ , 3 $x$
13 , $k$ $yx$ $y$ 1
$\sum_{k\approx 0}^{l}(\begin{array}{l}qk\end{array})(\begin{array}{ll}l+ p-ql- k\end{array}) (\begin{array}{l}m+n-p-kn\end{array})$
. ,




$Q(l,m,n;z)=- \sum_{\mu\in J(l-1,m,n-1)}Li(xT_{0}(\mu)y)=-\sum_{\mu\in J^{l}(l-1,m,n-1)}Li(xT_{0}’(\mu)y;z)$




$=- \sum_{p,q=0}^{m}\sum_{k-0}^{l-1}(\begin{array}{l}qk\end{array})(\begin{array}{lll}l+ p-q -1l- k -1\end{array}) (\begin{array}{ll}m+n-p-k -1-n1 \end{array})G_{0}(l+m+n,l+p, 1+q;z)$
$=- \sum_{p,q\approx 0}^{m}a_{p,q}^{(l,m,\mathfrak{n})}G_{0}(l+m+\acute{n}, l+p, 1+q;z)$
.
, .
4. $P^{1}-\{0,1, \infty\}$ . $K\subset \mathfrak{U}$ : . $K$
$M_{K}$ ,
$|Li(w;z)|<M_{K}$ $\forall w\in \mathfrak{H}^{1}\forall z\in K$ (22)
Lappo-Danilevsky[L] .
weight $k$ $2^{k-2}$ , $\sum_{p,q=0}^{m}|G_{0}(l+m+n, l+p, q+1;z)|<$
$2^{l+m+n}M_{K}$ . $a_{p,q}^{(l,m,n)}$
$|a_{p,q}^{(l,m,n)}|=| \sum_{k=0}^{l-1}(\begin{array}{l}qk\end{array})(\begin{array}{ll}l+ p-q-ll- k-1\end{array}) (\begin{array}{l}m+n-p-k-ln-l\end{array})|<\sum_{k\approx 0}^{\iota-1}2^{q}2^{t+p-q-1}2^{m+n-p-k-1}$
$=2^{l+m+n} \sum_{k=0}^{l-1}2^{-k-2}<2^{l+m+\mathfrak{n}}$
,
$K\subset \mathfrak{U}$ : , $z\in K$





$\sum_{l,m,n,l,n\geq 1}2^{l+m+\mathfrak{n}}2^{l+m+n}M_{K}|\lambda_{1}|^{l}|\lambda_{2}|^{m}|\lambda_{3}|^{\mathfrak{n}}\leq M_{K}$ $\sum_{l,m,n,l,n\geq 1}|4\lambda_{1}|^{l}|4\lambda_{2}|^{m}|4\lambda_{3}$









$|\lambda_{1}+\lambda_{2}|,$ $|\lambda_{2}+\lambda_{3}|,$ $|\lambda_{2}|,$ $|\lambda_{1}+\lambda_{2}+\lambda_{3}|<1$ .
3 $z=1$
, $z=1$ ( ) .
$t=1-z$ . $t=0$ ${}^{t}\Phi_{1}^{-1}$
$\frac{d}{dt}\Phi_{1}^{-1}(t)=(\lambda_{1}\theta_{1}’+\lambda_{2}\theta_{2}’+\lambda_{3}\theta_{3}’)^{t}\Phi_{1}^{-1}(t)$ (25)
$\theta_{1}’=(\begin{array}{ll}0 00 1\end{array}) \frac{dt}{t}+(\begin{array}{ll}0 01 0\end{array}) \frac{dt}{1-t}$ $\theta_{2}’=(\begin{array}{ll}0 00 1\end{array}) \frac{dt}{t}+(\begin{array}{ll}0 00 1\end{array}) \frac{dt}{1-t}$
$\theta_{3}’=(\begin{array}{ll}0 -l0 0\end{array}) \frac{dt}{t}+(\begin{array}{ll}0 00 l\end{array}) \frac{dt}{1-t}$
.
$\Phi_{1}^{-1}(t)=(_{\psi_{21}(t)}^{\psi_{11}(t)}$ $\psi_{12}(t\psi_{22}(t\})$ (26)
, $(\begin{array}{l}\psi_{11}(t)\psi_{12}(t)\end{array})$ $(\begin{array}{l}\psi_{11}(0)\psi_{12}(0)\end{array})=(\begin{array}{l}l0\end{array})$ ,
. , $x$





$=1- \lambda_{1}\lambda_{3}\sum_{k,n,0}G_{0}(k, k-n, s;1-z)(\lambda_{2}+\lambda_{3})^{k-n-\epsilon}(\lambda_{1}+\lambda_{2})^{n-\epsilon}(\lambda_{2}(\lambda_{1}+\lambda_{2}+\lambda_{3}))^{\iota-1}$ (27)
$\psi_{12}=\sum_{l,m,n}\sum_{p,q-0}^{m}a_{p,q}^{(l,m,n)}G(l+m+n-1,m+n-p,q+1;1-z)\lambda_{1}^{l}\lambda_{2}^{m}\lambda_{S}^{n-1}$
$l,n\geq 1$
$= \lambda_{1}\sum_{k,n}G(k-1, k-n, s;1-z)(\lambda_{2}+\lambda_{3})^{k-n-\iota}(\lambda_{1}+\lambda_{2})^{n-\iota}(\lambda_{2}(\lambda_{1}+\lambda_{2}+\lambda_{3}))^{-1}$ (28)
.















$\sum_{l,n\geq 1}(G_{0}(l+n, l, 1;z)+G_{0}(l+n,n, 1;1-z))\lambda_{1}^{l}\lambda_{3}^{n}$
$+ \sum_{l,n\geq 2}\sum_{l=0}^{l-1}\sum_{n=0}^{n-1}G_{0}(l’+n’, l’, 1;z)G_{0}(l-l’+n-n’, n-n, 1;1-z)\lambda_{1}^{l}\lambda_{3}^{\mathfrak{n}}$
$- \sum_{l,n\geq 1}\sum_{l\approx 0}^{l-1}\sum_{\mathfrak{n}=0}^{n-1}G(n-n’+l’, l’+1,1;z)G(l-l’+n’,n’+1,1;1-z)\lambda_{1}^{l}\lambda_{3}^{n}$
$= \frac{\Gamma(1-\lambda_{3})\Gamma(1-\lambda_{1})}{\Gamma(1-(\lambda_{1}+\lambda_{3}))}$ (31)
Euler . $\lambda_{1}\lambda_{3}^{n}$ ,
$Li_{n+1}(z)+Li_{2,1,,1}(1-z)+$$\sum_{j=1,n-1}^{n}Li_{n-j+1}(z)Li_{1,.,1}(1-z)=\zeta(n+1)\ddot{\dot{\vee}}_{rj}\ddot{\vee}_{r}$ (32)
, Eular .
(30) $zarrow 0,1$ ,
$F(\alpha,\beta,\gamma;1)=1-\lambda_{1}\lambda_{3}$
$\sum_{k\geq n+\epsilon,n\geq\epsilon,\iota\geq 1}G_{0}(k,n,s;1)(\lambda_{2}+\lambda_{3})^{k-n-\iota}(\lambda_{1}+\lambda_{2})^{n-\iota}(\lambda_{2}(\lambda_{1}+\lambda_{2}+\lambda_{3}))^{\iota-1}k,n,\iota\in N$
$= \frac{\Gamma(1-(\lambda_{2}+\lambda_{3}))\Gamma(1-(\lambda_{1}+\lambda_{2}))}{\Gamma(1-\lambda_{2})\Gamma(1-(\lambda_{1}+\lambda_{2}+\lambda_{3}))}$ $(zarrow 1)$ (33)
$1-\lambda_{1}\lambda_{3}$
$\sum_{k\geq n+\epsilon,n\geq\iota,\iota\geq 1}G_{0}(k, k-n,s;1)(\lambda_{2}+\lambda_{3})^{k-n-}(\lambda_{1}+\lambda_{2})^{n-\delta}(\lambda_{2}(\lambda_{1}+\lambda_{2}+\lambda_{3}))k,n,\iota\in N-1$
$= \frac{\Gamma(1-(\lambda_{2}+\lambda_{3}))\Gamma(1-(\lambda_{1}+\lambda_{2}))}{\Gamma(1-\lambda_{2})\Gamma(1-(\lambda_{1}+\lambda_{2}+\lambda_{3}))}$ $(zarrow 0)$ (34)
, -Zagier . ,
8( ).
$G_{0}(k,n, s;1)=G_{0}(k, k-n, s;1)$ (35)






$z=1$ $(1, 2)$ , $(2, 1)$ , $(2, 2)$
, $z=\infty,$ $z=1$ $z=\infty$
.

























$= \sum_{l,m,n=0}^{\infty}\lambda_{1}^{l}\lambda_{2}^{m}\lambda_{3}^{n}(\sum_{\mu\in J’(l-1,m-1,n)}Li(xT_{0}’(\mu)y;z)+\sum_{j=0\mu\in J’(l}^{n}\sum_{m-2,n-j)}Li(xT_{0}’(\mu)(x+y)x^{\dot{f}};z)$
$+ \sum_{j\approx 0}^{n-1}\sum_{\mu\in J(l,m-1,n-j-1)}Li(xT_{0}’(\mu)(x+y)x^{j};z))+1$ (38)
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$\sum_{l,m,n=0}^{\infty}\lambda_{1}^{l}\lambda_{2}^{m}\lambda_{3}^{n}(\sum_{\mu\in J’(l-1,m-1,n)}Li(xT_{0}’(\mu)y;1)+\sum_{j=0}^{n}\sum_{\mu\in J’(l,m-2,n-j)}Li(xT_{0}’(\mu)(x+y)\dot{d};1)$




10. $w=x^{k_{1}-1}yx^{k_{2}-1}y\cdots x^{k_{r}-1},$ $k_{1}\geq 2$ .
$Li(wyx^{n};1)=(-1)^{n}\sum_{e_{1}+\cdots+e_{r}=n}(\begin{array}{l}k_{1}+\epsilon_{1}-1\epsilon_{1}\end{array})\cdots(\begin{array}{ll}k_{r}+\epsilon_{r} -1\epsilon_{r} \end{array}) \zeta(k_{1}+\epsilon_{1}, \ldots,k_{r}+\epsilon_{r})$ . (40)
, .






(ii) $l\geq 1,$ $m=1,$ $n\geq 1$




$(l+1)\zeta(2,1, \ldots, 1)-\zeta(3\vee\iota warrow^{1,,1=\frac{l+1}{2}\zeta(l+2)+\frac{1}{2}\sum_{:,j\geq 0}\zeta(i+2)\zeta(j+2)}\iota-1\hslash:+j=l-2$
(42)
. Euler ([Z1]) .
(iv) $m=2,n=1$
2$G_{0}(l+3,l, 1)+G_{0}(l+3,l,2)-(l+2)G_{0}(l+3,l+1,1)-lG_{0}(l+3,l+1,2)+(l+1)G_{0}(l+3,l+2,1)$

















$\tau_{\infty}$ : {$\{1,2,3\}$ }\rightarrow
(i) $T_{\infty}(\emptyset)=1$
(ii) $T_{\infty}(1,3, \mu)=(xy-yx)T_{1}(\mu)$








(46) $(1, 1)$ , $\overline{\lambda_{1}}\lambda+\overline{\lambda_{2}}$ $\lambda_{1},$ $\lambda_{2}$
. $0,$ $\infty$ Euler .
12.
$\sum_{n=0}^{\infty}(\frac{1og^{n}\frac{1}{z}}{n!}-\sum_{k=0}^{n-1}(Li_{n-k}(z)+(-1)^{n-k}Li_{n-k}(\frac{1}{z}))\frac{\log^{k}\frac{1}{z}}{k!}$ $\lambda_{3}^{n}$
$= \exp(\pi i\lambda_{3})\frac{\pi\lambda_{3}}{\sin\pi\lambda_{3}}=\sum_{n=0}^{\infty}B_{\mathfrak{n}^{\frac{(2\pi i\lambda_{3})^{n}}{n!}}}$ (49)
$B_{n}$ .
, $zarrow 1$ ,
$-2 \zeta(n)=B_{n}\frac{(2\pi i)^{\mathfrak{n}}}{n!}$
Euler .
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